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CHAPTER I 
IKRTRO DUCTION 


The object of this thesis is to acguire a working knowledge 
of the principles used in the design of rotating shafts subjected 
to combined fatigue stress. 

The treatment is divided Into two parts: first, an inves- 
tigation of the problems solely from the standpoint of stress; 
second, a discussion of the effects of stress concentration, 
hardness of material, and surface treatment in the determination 
of working stress. 

The treatment will be restricted in that: 

lL. Only axial and shear stresses will be considered, 
as shown for an clement in the diagram below. 


ce. Materials will be regarded as ductile, lsotropic, 


and homogeneous. 
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In arriving at the general relations for the allowable 


working stress in shefting, two sub-cases will be discussed: 
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(a) Axial stress varying between maximum and min- 


imum values while the shear stress remains constant. 
(0) Axial stress ané shear ateene varying between 
maximum and minimum values of different magnitudes and in pl 
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CHAPTER II 


Por the case of static stresses, the allowable stress can 
be determinec in terns of the principal stresses using one of 
the theories of failure. In discussing the various theories, only 
those which are in near agreement with actual tests will be pre- 
sented as they ~ot only predict with more accuracy failure from 
Static combined stresses, but also failure due to fluctuating 
stresses. Failure is defined as the beginning of inelastic action 
(yielding). 

The treatment of the theories of failure will consider the 
most general case, that is, the stress condition of an element of 
a body is defined by the magnitudes of the principal atresses 
6,,,and ¢; . For convenience, we presume % > @ 2 SS * 

The Maximum Shear Theory, as first suggested by Coulomb, 
assumes that failure of raterials sudjected to combined stresses 
is due to shear rather than direct stress. To lend support to this 
assumption, the physical appearance of material after deing sub- 
jected to load reveals the presence of so-called slip layers of 
fine markings on the surface of the deformed bodies which approxi- 
mately coincide with the planes of maximum shearing stress. As 
Nddai (1) points out, the fine line markings were interpreted as 
the intersections of thin layers of material with the surface of 
the deformed pieces, in which the grain structure of the substance 
was distorted through the ylelding. These planes in certain materials 


are inclined at an anglo of 45 degrees with respect to the directions 
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of the largest and smallest principal stress. sased on this 
assumption, Guest later formulated the maximum shear theory. By 
this theory, failure occurs when the maximum shear stress in an 
element subjected to combined stresses roaches the value of the 
maximum shear stress at failure in simple tension. 

It may be shown that the extreme shearing stresa@ occurs on 
planes bisecting the dihedral angles between the ;rincipal planes. 


The magnitudes are 


*-& (,-% ane 7, - bz 
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Because of the convention adopted above, the greatest shearing 


stress 18 T 2 07 -G3 
le 


Since from the liriting case of simple tension or corpression, 
the maximum shear stress becomes, 7 = W /e. 
The maximum shear theory precaicts failure will occur when 6% - B)/2 


becomes equal to the shear at failure in simple tension, or 
(7 ~ eT 
The Maximum Strain Energy Theory, as suggested by Beltrami, 
later formulated by Huber, and still later again dy Halgh, pre- 


dicts that failure is dDased on the concept of energy of deformation. 
It assumes that failure results when the total strain energy of 
deformation per unit volume, in the case cf combined stresses, is 
equal to the strain energy per unit volume in simple tension. For 


gradually applied loads, the strain energy per unit volume is 


Ty 2 GE. + BO, 4 Oe Se 


2 2 2. 


where e and ®. are the principal strains, On subdstituting 


? So» 
the values for strains in terms of principal stresses, the strain 
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energy per unit volume becomes 
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where FE is the wrodulus of elasticity and 24 is Poisson's ratio. 
Since at the beginning of elustic failure in sinple tension, the 
unit strain is 0772, the strain energy for simple tension becomes 
C26. The theory then predicts that failure will occur ehen 
2 SLL ee Ge ae (HR 4+RG +60) ] > Ee 
The Maximum Distortion iImergy Theory was develozed by Von 
Mises and Hencky. It assumes that failure begins in the case of 
combined stress when the energy of dis:ortion or shear approaches 
the same energy at fallure as in the case of simple tension. In 
the development of this theory, it is considerei that the total 
strain energy (U) is divided tnto two parts: the energy to produce 
a change in volume and the energy used to distort the elanent. 
Only the second part is used in the development of this theory. 
The theory waa vrought about by the fact that isotropic materials 
can endure large hydrostatic pressures without yielding. To de- 
velop the theory, we first divide the principal stresses in two 


parts 
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where 
j>? 4 (07405 403) 


Since from this theory 
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the stress condition [1G , 63, produces only distortion and the 
change in volume depends entirely on the magnitude of the uniform 
tension (p), the part of the total energy due to a change in volume 
is " 
ee - See: Aba (7+n45)* 
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where @ = @,; # @p9 * eg. Subtracting the total energy due tc 


a change in volume fror the total strain energy as determined 


and using the identity di > ao ote * 
V, V5 + (es + Jn Uy = ~= ima fa ee, Fi a 3) ~ 


the part of the total strain energy due to distortion can be 
presented in the form 4 
duit , 6. ye (MG) HO-G / 

ay - toad (7 46,+G) gt [(G-R)4+ OG 3) A%-B) 

The distortion energy at failure in simple tension is ob- 
tained by placing @-%:° and %;-7 or 

\/ = (tH A) g~ 2 
3E 

For combined stress, we then have 


VV: + [0a -G)*4(G-G)"+(G-G)* } r 


It is of interest to note that the expression within the 
brackets namely, 
(G-02)+ (G-BY HG -G)” 
is proportional to the square of the shearing stress on an octahedral 
plane (planés whose normals have direction cosines + 1/63 
with respect to the principal directions. ) 


Since the expression for the octahedral shearing stress is 


Ret + 5 MCG-B)MG-G) AGG)” 


the condition for failure may be expressed as 


Jock = (3 /; G 
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CHAPTER ill 


SIMPLE FATIGUE STRESS 


With the static criteria of failure established, a dia- 
cussion of the manner in which an expression is determined for 
failure of materials subjected to simple axial fatigue stress 
is next presented,since both concepts are used in the develop- 
ment of theories of failure for materials subjected tc combined 
fatigue stress. 

For simple axial fatigue stress, the variation of stress 
with time is usually sinusoidal. It may be representod as in 
Figure 1 (see separate sheet), und expresse® as: 

T- Gi0t Cp tinty & 
The representation further shows that the values of the mean 


stresa 7%, and the variadle strseas Gy are 


Tm = Omar + Omin ; Gy = Oman ~Vrmen 





The stress is thus conveniently thought of as consisting of 
two parts: a reversed stress superimposed on a steady, or static, 
stress. 

With this in mind, two liziting conditions of stress at 
failure are possible. For the first condition, (@7V=.o , the 
stress is entirely static and failure occurs when Jv>+ lye (the 
yield point in simple tension or compression). For the second 
condition, (Gm:o , failure results from corplete reversal of 
stress repeated a large number of times. From this type of failure, 


the endurance limit or fatigue limit Ge of a material is obtained. 
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The encurance limit is considered as the raximum stress which 
a member can sustain for an indefinitely large number of cycles 
(usually taken as at least 10 million cycles for ferrous materials 
and about 50 million cycles for non-ferrous materials). Fatigue 
limite have been determined for various types of simple stressés 
such as alterneting tension end compression, bending, and torsion 
for most of the nateriuls in use today. It is of intereat to note 
that the value of fe , as determined from tests of materials, 
Timoshewko (2), Moore and Koomers (3), is arpreciably iéess than the 
value ofl’ye for the same material, thus the resisting strength of 
materials is reduced under tne conditions of variable stress. 
Since moat oroblems present conditions intermediate osetween 
these extremes, it is necessary to consider all possible combina- 
tions of maximum and minizrum stress or, more properly, it is nec- 
essary to consider tho effect of mean stress on 'atigue strength. 
A great deal of information can be obtained for variable axial 
stress and a typical diagram (Figure 2, see separate sheet) shows 
endurance limit ratios for a number of combinations of axial 
fluctuating stross, ( 7%, is the ultimate tensile stress.) 
Various attempts huve been made to interpret such tests. The 
methods used reduce to empirical equations giving relations between 
the variable and rean stresses or the maximum stresses at failure. 
Of the various proposals, three are rost used in design and aro 


presented as follows: 


GERBER'S LAW - Gerber's law is an empirical relationship 
which assumes that the relation for defining the variation of the 
variable stress with mean stress is of the parabolic form, 
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cr, in terns of the varlavle and mean streusea, 


Gve Fe-~ Ce (fmff,)* 


GCODKAN LA® - The Goodman Law ia an empirical law 
which assumes th.t the relation defining fallure for different 
compinations of variavle stresa and mean stresses is a straight 
line between the end points f+/7 a7 fmf, « The equation for 


this straight line is 
Ve/fex I- Vm [by 


or, in terms of the variable and mean cor;onents, 
Ty, = Fe - (Umyfg,) fe 


STRATGRT LIRS LAW - The Straight Line Law proposed by 
Soderborg (4) assumes that this relation is defined by a straight 
line between the end Loints V+/fe and yp / Gi, 


The empirical relation is 
Tv [Ce — Vm /Vy ye 
or, tn se fors which will be later used 


(mare (1- Ge/typ)im +le 


Of the three empirical relations, the Straight Line Law 
pretiicts with more accuracy failure under simple fatigue stress and 
will be used in the later developments of the scombined fatigue 
strese theories. The major objection to the Gerber and Goodman Laws 
is that some of the test data falla below the erpirsieal ourves (on 


the unsafe side, indicated in Figure 2). 
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CHAPTER IV 
COMBINED FATIGU* STRESS 

Under the conditions of variable stress, it was shown 
in the previous chapter that the resisting strength of a 
material is reduced. In the same way, the resisting strength 
in the case of combined stress will be -odifiled. Since we are 
dealing with combined fatigue stress, the determination of work- 
ing stresses for fluctuation loads will require the development 
of theories for defining failure as was done for ths case of 
static combined stresses. The development of these theories 
will be presented in order to develop an accepted expresaion 
for the determination of working stress for the case under con- 
sideration. 

The treatment of the theories of failure will consider the 
most general case as well as the case under consideration with 
one restriction, that is, only the case under consideration will 
be considered for the Shear Theory. For the general case, stress 
conditions on an elemental body are defined by the principal stresses 

| Uae aa G5” ee where the prime and double prime 

notation refer to the raximum and mean values of principal stress, 


respectively. The notatlen is similar to that used by Marin (5). 


SHEAR THEGRY - To develop a shear theory for failure, we 


first express the equation for defining failure 
Cmax Cl- Ve/Ty p) Frat Ve 
in terms of fluctuating shearing stresses instead of flectuation 


axial stresses. 
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For this particular vlane, the maximur and mean components 


of shear str ss are 


Taye = huP ie) s17 AO 4+ (F4T_) COS =O 


7 7 = 4 G sinar2oe + Feos 20 


Failure for the plane, by the shear theory will occur when 
the above value of 7yax «and Ty satisfy Nq. a. 


Therefore, 
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To determine the critical plane on which failure occurs, 
the above equation can be defined in terms of an equivalent 


stress o& on any plane such that 
x2 | CT#r) -T Ci- Te/Typ) | s142 6 - yA. Te/Ty p)T - (r+tv) Jeosae -7e 


To fini the most eritical plisne o shcenuli Se & ZAKi erm. The 


meximue: value cf ck ocurrs when 


tah2ze2 (1- Ce/typ) (~~ (T+0¥) 
= IK T4#Pv) - (4- (e/Typ)T | 
On substituting the value of © into &q. (b) and combining 


terms, failure by the atress theory is expressed as 
- a = 
re [crestyp) + ve | 7 [ crestyp)T#T¥] 


DISTORTION GNERGY THEORY - The assumption to bo made in 

- the case of this theory is thst failure occurs in the case of com- 
bined stresses when the distortion energy corresponding to the 
maximum value of stress com_onents equals the distortion energy at 
failure for maximur axtal stress. It is also necessary to require 
that this applies for equal veluss of distortion energy correspond- 
ing to the mean axial and mean combined strsases. To arrive at the 
above condition, it is necessary to define the fluctuating axial 
stresa in terms of distortion energy, and use the relation as de- 
termined from the derivation of combined static stross. Ths dis- 
tortion energy at any instant of time for simple axial stress as 


determined previously is 
= (42)" 
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Prom this equation, the values of distortion energy corresponding 


to the maximum and mean values of fluctuating stress are 
ae = ( ite” (Tian) Wiss = { getty) Te 
ome / / SE 


Since our equation for failure is 


Tm axe (/- Te / Typ) (mire 


failure in terms of uistortion energies cun now be exprsssed as 


(Vmar = (t-Feltyp) [Vm +4 ( {#4 ) oe 


To get some general relations, the three dimensional case 
will again be considered gince it was determined under theories of 
failure that distortion energy in terms of static principal stresses 


is 


Ve (144) [G4 4G (78166 +G6) | 
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This generalization woull give values for distortion energies 


corresponding to the maximum and méan components of stresses as 


Vices (2 ) [7 y (fe Ye fe)’ (60,4056 +076") ] 
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Failure by the distortion energy theory is now defined by 
substituting these expressions into the fallure relation such that 
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For the two cGimensions cases in Ww ch the comdsined stresses 


ca 


are the principal stresses, the distortion energy theory predicts 


(on letting @%@"s0 ) 


fer (/indson')?- 10'G) -C-e/Gel 1G Tee -& 


To express this theory for the two dimensional stress com- 
ponents of Figure $3, it is only nsécessary to express the principal 
stresses in the avove equaticns in terms of stress corponents. 


The substitution gives 


Cer. [CTAG)? varTeToy * (1- Fe/typ) (F** 3(7)> 


STRAIN sNRRGY THEORY - Using the assumption that failure 
occurs as a result of total strain energy rather than distortion 
energy, another theory of fallure can be developed. Since the 
manner of develozing this theory is similar to that used for the 
distortion energy theory, the, three Gimensional case for strain 


energy may be expressed as: 
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or in the two dimensional case where (3 “= @3“s 


Fe= (C0 JAB )4241G' RY) - li-Ce/Gp) O46 ane G 
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This equation may be used in a, plications where the normal stresses 
rather than the principal stresses are known. For such cases, it 

is only necessary to substitute for the valuss of principal stresses 
in terms of components in Figure 3 to conform with the stated 


provlem. Making this sudstitution, the equation becomes: 


Ge = [Creee) aria Ty)™ — (1~ Cele) 1 6 *4 att) r® 


To summarize the adove results, the eguations for failure 
as depicted for the first two cases will be given in order to 


vetter compare them with test data, 


Case (a) - Axial stress varying between maximum and minizum values 
while the shear stress remains constant. Failure will be pre- 


dicted according to the theories as follows: 


Shear Theory = fe= [ (Ge/typ0 40) “+4 (Ce/typyr*) 


Distortion Energy Theory (Ce = /(r+ty)*4ar> -{'- Te/typ)(C#3r* 
Strain Energy Theory Je=|](¢}4 )*¥ a(ita)yT —(t- Te/fy p) [Peay rr 


Case (bd) - Axial and shear stress varying between maximum and 
minimum valucs of different magnitudes and in phase. Failure will 


oe predicted according to the theories as follows; 
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Shear Thsory 
‘a [ (teMtyp) 7 +0 ] “+ a (T Fe/ty tiv) 


Distortion Energy Theory 


Co: (Ce) acre)” = Cit ey (pp eee 


Strain Energy Theory 


fe = [iret autem)” - Ci-Fe/fp)| = 


Since three different theories have been presented and ap- 
pear justified for design, the next Important question to be 
answered is: which of the three theorles should de used in the 
design of shafting? In order to answer this question, it is 
necessary to rely on experimental test data, cf which there is 
little for the problem under discussion. 

To date, it appears that for ductile materlals, the distortion 
energy theory more closely approaches test data than the maximum 
shear theory or strain energy theory. This is indicated by tests 
in fluctuating bending and torsion with complete stress reversals 
made by Gough ard interpreted vy Marin (6), Figure 4. In the plot 
of the test duta (7 and@.a are the principal stresses and fe 
the encurance limit for simple tension and compression. The stress 
ratios @/fe and %3/fe at which failure oceurs under combined 
bending and torsion are indicated by small circles and dots. Ex- 
periments by Lea and Budgen, Figure 5 and Figure 6, were made on 
circular specimons subjected to static torque and completely re- 
versed bending stress. Here again, it is of interest to note that 
the distortion energy thoory more closely approaches test data than 


do the other theorles. 
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Tests on Ni-Cr steel} Tests on "mild" steel 
(0.35%C , O16 Fo Ctereeeen nae (0.14°% carbon) 


ric. s-¢ -Combined fatigue-stress results for ductile metals. 





Of interest at the pressnt time arc expsriments conducted by 
Gough (7) which wore closely approximate conditions set forth 

in the oroblem under discussion. His work consisted of deter- 
mining an empirical equation for variable sending and torsion of 
differont magnitudes in phase. The empirical expression (fin terms 


of the problem under discussion) Gough presented for failure is: 


( T+/ie)* + (7 /fe)” ( T/te -1) 4+ Ov/fe (a- Ge/Te)=/ 


Where eis the endurance limit in pure bending, Te tis the 
endurance limit in shear. As this equation is only developed 
for one material, it is of little assistance in present design, 
but indicates that research is underway to endeavor to determine 
@ more exact expression for fallure under condition of combined 
fatigue stress. 
Since some basis for calculation of allowable stress under 
the assumed conditions has been estadlished by the development 
of theories, to avoid failure in actual design, the stress imposed 
on shafting by operating loads must be less than this stress. To 
deterrine the relationship between the allowable stress, or working 
stress, in plece of the stress components at failure, the axial 
stress at fallure fe is replaced by its working stress value 
Ge/n where 4 is the factor of safety. 
The problem of choosing an adequate factor of safety in 
design is influenced by many factors. Some of these factors are: 
1. Deficiencies in the theories of failure; 
2. Assumption that materials are perfectly elastic, 


homogeneous, isotropic, and adhere to Hooke's Law; 


iF 


a Geiovbmeco attewmiisyks o18 amid foreeng ec! Je Jeeresal 10 

Aeict gee erolsiienh etemtxoraqe Tlseolo ero Sato (©) clgvod 

“76005 lo béT6lénbe Buon #fR .actosuvel) sebar ewitws, ocd ot 

moliene mitered 4ldaiveat tct nolijenpe Leoltiyes ce gnicin 
igre afiT .soany ai Ettinger trometits 

) (Wotseuneth whe ee (erg afd 1 
(savvy) * F(Sv\WT ) 


4 = 
De deen a 










= = 
- . 
_ 



















7 | in 
4 4, or € : 
) e CPs, ee > 
J . = eae 
“a 4 : 7 : ‘ 
» ' =~ ; " 
: a 
. « . . © 
- i @ a —_ 
@ © 
. 4 
’ 4 
- 7 s a 
* 
% 
’ « 
> 
@. 
° 
* i> 
. a 
4 % 
— 
‘ 7 
_ = a 
- ~ » 
® « * * 
* - @&@ 
~ . * = LJ 
’ 
- se } 
@ 
7 Jel 
~ 
- 
° ® lid 
«- @ 
' ' = 
“ iy —— P 
~~. - 
-_ . 
¢ 
( 


&. Kachinery and fabrication errors; 

4. Time effect, that is, no allowance is made in 
the determination of workine stress for the deterloration of 
material with time due to corrosion, ereeap, electrolytic action, 
etc.3 

5. Loads are rarely krown accurately. 

In consideration of these factors, it can be realized that 
the factor of safety must be greater than one (1), that is, the 
Gesign must be overbalanced in favor of strength. Factores of 
safety ares generally based on judgment and experience of the 
designer. For shafting, for example, the factor of safety has 
been judged to be between 2.25 and 3.90. 

Since the method of cetermining the working stress has been 
considered,the equations defining failure by the vwarious theories 
ean be obtained. For comparison with static states of stress, 
both sides of the equation will be multiplied by (yp/fe such that 


working stresses cefined by the various theories are: 


Shear Theory 


(- i.e% 
bM) > = TYP/ tz (typ 74 O7)* + «CT Refyptrr]~ | 


Distortion Kmergy Theory 


Tus Cue = poe | [ crea) +acraTe)* — (1 agp) (T¥3cr / 


F) 


Strain Energy Theory 


Tvs TYP ~ Oyefge | [¢reoy)*+ acre) (reTy)* ~ (1- Feliyp) [PacnrP| 
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CHAPTER V 


In the design procedure presented in the previous chapter, 
the assumption was made that the shaft was of constant cross 
section or gradually varying cross section and that the shaft 
did not contain any discontinuities. However, no mention was 
mace of any particular characteristics of the material such as 
hardness or the effect of aurface treatment. In presenting the 
effects of these items on shafting, the topics will be takon up 


separately dividing the chapter into three parts. 


PART I 


STRESS CONCENTRATION 


The effect of stress concentrations on metals subjected to 
alternating stress is of importance to engineers designing shaft- 
ing because stress concentrations are invariably present due to 
fillets, holes, keyways, etc. 

In the mathematical analysis of stress concentration based 
on the theory of elasticity for static loads, the results are 
usually stated in terms of a theoretical stress concentration 


factors: 


K =< 





Since it is a function only of tho geometry of the member for a 
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specific loading condition. 

If the loads acting are alternating, the stress concentration 
factor can no longer be defined as above because test results show 
that the full effect of ths theoretical stress concentration factor 
is realized in only a limited number of cases. The decrease of 
strength brought about by discontinuities is stated in terms of & 


fatigue stress concentration factor. 


k - si a - ordinary endurance limit without stress 
e concentration : 
endurance limit with stress concentration 
effect 


Peterson (8) in a discussion of stress concentration, suggests 
another way of presenting this factor which is the percentage 
decrease (d) of endurance strength due to stress concentration: 


ds Ge-fe ysoo 
Ve 





To find some basis for "K" being less than "k", Peterson (8) 
évalued the principal of "stress concentration index" or sensi- 


tivity index which he expressed as the ratio: 


The value of "q" ranges from zero (when k = 1.0 for certain tests 
of cast iron) to unity (should the fatigue stress concentration 
factor "k" attain the theoretical value "K"). 

There are many factors that influence the magnitude of the 


stress concentration effect in the case of fatigue. It has been 
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found by tests that while theoretical stress concentration factors 
are independent of the material, as it conforms to Hooke's Law, 
test data shows that fatigue stress concentration factors are not. 
Likewise, it agpears that the variation of "k" for similer test 
pieces of different materials cannot be correlated with any of the 
ordinary .rocerties of materials euch as ductility anc hardness. 
Although for steels, Peterson (8) presented test data which in- 
dicates a possible relaticnship existing between fatigue streas 
concentration factors and ultimate strength. Another important 
effect is the size of the discontinuity. If the material and size 
of a specimen or shaft are kept constant and the size of the dis- 
continuity is varied, the theoretical atress concentration factor 
descreases as the size docreases. Fatigue stress concentration 
factors show a@ similar tendency except for a marxed descreass for 
very small discontinuities. Still another imvortant factor in the 
determination is the effect of size. Peterson found for various 
types of steel that there is very little variation in endurance 
limit In geometrically similar specimens without discontinuities. 
However, for geometrically similar specimens having holes, fillets, 
or artificial cracks, it was determined that small specimens have 
higher endurance limits than larger ones. This Indicates a lower 
stress concentration factor for small elements. For example, in 
the case of circular shafts, with a transverse hole, of .45% 
carbon steel with a ratio of hole diameter to shaft diameter of 
0.0625, the stress concentration factor determined experimentally 
for reversed bending increased from 1.33 to 1.84 when the shaft 
diameter was increased from .5 to 3.0 inchos. 


With the knowledge that fatigue stress concentration factor 
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can be determined from test data, the Important question is how 
should these factors be apulied in design? Since Nadai (1) 
determined that materials havo sufficient elasticity to allow 
for localized yielding under static loads, it may be assumed that 
stress concentration effects only the fatigue stress. Tests by 
Peterson .orify this assumption. Therefore, in determining the 
working stress, stress concentration should be applied to the al- 
ternating component of stress and not to the static component. 
Since in this paper working stress ils determined from the values 
of maximum and mean combined stresses, the effect of stress con- 
centration is to leave the mean stress unchanged and to increase 
the alternating component, thereby increasing the maximum stress. 
For actual values to use in design, references such as 


Lipson, Noll, and Clock (9), or Roark (10) may be consulted. 


PART If 
HARDNESS 


Since endurance limits, which are a measure of the allowable 
stress under fatigue conditions, for all types of materials are 
unknown, a search has been made by engineers to determine if some 
correlation can be made between this property of metala and other 
properties that can bo measured with comparative ease. 

Among the mechanical proporties that can be used to give a 


good estimate, haréness is considered by many to be the most 
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valuable for steels. Considering non-ferrous metals, there is 
too much scatter of results to justify any correlet®on Tor egti- 
mating endurance limit. 

The one factor that makes this possible is that for static 
loading tests, the relationship between hardness and tensile 
strength, reference (11), is represented by a band that includes 
test data on alloys as well «es lain carbon steels. The band width 
for all practical purposes can be considered negligivle. That is, 
hardness may be considered propertional to the tensile strength. 

in the cass of endurance tests, the relationship between 
endurance limit and hardness was further complicated by the fact 
that tests showed that endurance llmit did not only depend on 
hardness, but is also a function of the quality of the surface. 
For exarple, Hankins, S3ecker, and Mills (12), indicated that the 
variation in endurance limit between specimens finished witn fine 
and coarse emery paper was 3% for a steel of 118,000 ps, tensile 
strength and 11% for a steel of 138,000 ps. tensile strength; and 
Hager (13) found no difference in endurance limit between rough 
and finished machined specimens of soft steel, the endurance Limit 
of both beine 10€ less than for polished specimens. From a group 
of such tests (considering the fact that tensile strength is ap- 
proximately proportional to hardness), Lipson, Noll, and Clock (9) 
devised a set of curves, Figure §, showing the variation of en- 
durance limit with hardness for materials whose surface conditions 
are in four groups; ground, machined, hot rolled, and forged. The 
ground surface finish includes ground, honed, lapped, and auper- 


finished, and the machined surface finish tncludes rough and 
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finished machined. Further evidence of the validity of these 
curves is given in tabular form by Eddy (9) for Brineli hardness 


ranging from 160 to 555. 


PART Lil 


SURFACE TReATM ENT 


Another factor which influences attainable stress is sur- 
face treatment. In most cases, the treating process is applied 
to metals to improve such preperties as wear, corrosion resistance, 
ete. 

The commonly used processes whose effects have veen studied 
are cold working and surface hardening. These two processes will 


be considered separately. 


COLD WORKING: 

In cola working, the material is strained veyond the yleld 
point and caused to flow plastically. The outstanding effects 
on metals are to raise the slastic lirit markedly, noticeably 
increass the tensile stress, and decrease the ductility. 

Cold working of metals appears to exert two opposing effects: 
(1) It slongatea the crystalline grains in the direction of 
working into a more favorable position for resisting slip and 


fracture; (2) It tends to start new minute fractures, or tends to 
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set up severe internal stresses in the metal making fracture 
possible by a small aijditional applied stress. That is,for some 
Gecree of cold working, there is a maximum net denerit while for 
a more severe degree of cold working, the damage done in¢reases 
more rapidly than does the benefit. 

The most commonly used methods of cold working are coid roll- 
ing, stretching, and shot peening. The effect of all three of 
these processes appears to be an increase in the fatigue lirit of 
materials. The amount of increase is usually a function of the 
eondition of the surface before the process ig applied. A vwarlety 
of results has been obtained for the effect of cold stretching on 
the fatigue limit for non-ferrous metals. Tests (3) of brass and 
copper rod ir which there is a reducticn of area of 55% in a single 
pass of the cold drawing process showed no increase ir. fatigue limit 
over the limit of the same metal hot rolled. Tests of nickel and 
of other non-ferrous metals subjected to less drastic reduction, 
than that mentioned above, showed an appreciable increase in fatigue 
limit over the same metal annealed. For detailed data on non-ferrous 
metals, references such as Moore and Kommers (3) or Metals Handbook 
may be consulted. 

For ferrous wetals, the same general trend is noted. From a 
compilation of data (9), a general observation appears to be that, 
for any type of cold working, the minimum increase of fatigue limit 
is 2% for a polished hardened alloy after shot peening to 150% for 
@® cold rolled machined specimen (SAE 1045 steel) after normalizing. 


Although insufficient data are available to make specific conclusions 
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on the benefliclal effect of cold worxing on fatigue Limit, the 
general trend can be noted in the case of shot peening. Im the 

case of un-notched specimens, the increase in the fatieue Limit 

for colished specimens seldom exceeds 20%, ard in many cases, is 
less than 10%. For hot rolled specimens, the corresponding increases 
is 30 to 50% and for as-forged parts, 100%. The general trend is 
also apparent in the case of notched specimens, although the per- 


eentage improvement is higher. 


SURFACE HARDENING: 

Surface hardening is a process which increases the hardness 
of the surface to a depth ranging from a few thousandths of an 
inch to # of an inch or more. Only a comparatively few number of 
tests have been conducted. They all snow an increase in the en- 
@urance limit for ferrous and non-ferrous metals. 

Remembering that endurance limit may be determined from 
hardness (Part II), Lipson, Noll, and Clock (9), presented a 
method for estimating endurance linits for surface treated ferrous 
parts. The method is based on the premises that, through hardness 
distributicn over any cross section is non-uniform, the hardness 
distribution may be thourht of as consisting of a hardened caso 
and soft core. With this in mind to determine whether the case or 
core hardness shculd be used, the method proposed consists of super- 
imposing the a,plied stress on the allowable stress as estimated 
by hardness. By using this method, it was determined that for 
eatimating endurance limits, the hardness of the case should be 


used for un-notched machine parts while the hardness of the core 
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should be used for ssverel’ 


notcned machins parts. Test deta 


sudgtantiated this method for carbonized un-notched specimens 


(9). It can dé surmized that it will Spypay tec Indes 
and flame hardened machined parts. However, vecau 


processing, there is between the cage 
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GHAPTER VI 


LLUSTRATI Vi PROGSLENS 


in order to illustrate the use of the suggested concepts 
for the design of rotating circular shafts for cases (a) and 
(bd), @ group of prctliems ‘ts presented in which the dia»eter (4d) 
is the desired quanity. The loading will de restricted to pure 
bending and torque. The distortion energy theory of failure will 
be used throughout since it was suggested in Chapter IV that it 
more accurately predicts failure when shafting 1s subjected to 
combined fatigue stress. The material is assumed to be a &.A.#. 
1035 steel which has been quenched in water at 1525-1575°R with 
a Brinell hardness of 212. Since accurate data for yield point 
stress (Vy > and endurance limit 7e is not known, values are 
taken fror reference (9) (Iy eyeco ps’ , Fer s7eceps/) 
To show the effect of stress concentration, a profile keyway is 
considered. The values usec for fatigue stress concentration 
factcrs are those giver in reference (9). In each problem, the 
safety factor (4) is considered to be 2.5. The rotating shaft 


is shown diagrammatically in Figure 7. % 
é 
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ROTATING CIRCULAR SHAPT SUBJECTED TO FLUCTUATING cURE BEND] 


AND STATIC TORQUE 


Let the value of bonding moment vary from ; 
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ROTATING CIRCULAR SHAFT SUSJECTLD TO FLUCTUATING PURE BENDING 


AND STATIC TORQUE WITH A PROPIL® KEYWAY 


Let the bending momen 
revious problem. As a result, the onl, 
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AND FLUCTUATING TORQUE 
Let the value of bending moment vary from a maximum 
M's s200eo/b,, to a rinimum, ”9°2 Boco /6m,While the torque 


4 


varies from a maximum, z=: Coceo/sy , to &@ minimum, 774°: “e060 lb, 


The normal stress produced by the varying roment will ree 


main the same as fcr the first two problems, namely: 


J +7r * 327° - 4295740" 
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The shearing stress imposed by the torque will vary as the 
torque changes. The maximum mean anc variable values of shear 
stress are? 


Ty>=1o™M ’ a sf 4 4 
T4+Tv t = 3.06 yY/0 Tt 2S. (| pee). 5) acu 
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Since the criteria of failure is; 


2 ts = Crime) + 3( pee)” — C- Yee) foe © 


substituting the valuss given into this expression, the diameter 
is determined to be d = 2.00. 
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centration factor follows the concept developed in Chapter V, 
fatigue stress concentration factor 1s applied only to the 
variable stress. The values of KZ (fatigue stress concentration 
factor for pure bending) and xX“, (fatigue stress concentration 
factor for applied torque) are, from reference (9), 2.0 and 1.6 
respectivoly. 

Since the criteria of failure is: 


Vws Fe. (T+ bi) 4a re ks) ~ (/- Fe/typ) (a7> 
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substituting the values given into this expression, the dlameter 
is detemnined te be d = 3.0. 
Note due stress concentration the @iameter has increased 50% 


&8 comparec to the previous problem, 
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CHAPTER VIL 


CONCLUS {OWS 


Since to date, no exact solution is known fcr Jeter 
e failure of machine 2 components ™_ bjected 
the author's ston 
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